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Abstract: In this paper, we prove random common fixed point theorem for two pairs of
random self mappings under a generalized contractive condition using subsequential continuity
with compatibility of type (E). An example is given to justify our theorem. Our results in
randomness extend and improve the results of S. Beloul [4]. Finally, we give an application
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1. Introduction

The notion of commuting mappings is given by Jungck [13] to establish a com-
mon fixed point theorem. Two self mappings F and T of a metric space
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(X,d) are commuting if FTx = TFux for all x € X. Later, weakly com-
muting mappings are defined by Sessa [19] as a generalization of commut-
ing mappings. A pair of self mappings F' and T are weakly commuting if
d(FTx,TFz) < d(Fz,Txz), for all z € X. In [14, 15, 20] the concepts of com-
patible, compatible of type (A), compatible of type (B), compatible of type
(C), compatible of type (P) and weakly compatible mappings are presented as
a generalization of weakly commuting as follows: Two self mappings F' and T
are:

(1) compatible if

lim d(FTz,,TFx,) =0,

n—oo

(2) compatible of type (A) if

lim d(FTx,, T?x,) =0 and lim d(TFz,, F?z,) =0,

n—00 n—oo

(3) compatible of type (B) if

1
lim d(FTx,, T?z,) < 5[ lim d(FTw,, Ft) + lim d(Ft, F2x,)],

n=soo noo
nlLIgod(TFxn, F?z,) < [Jgrgod(TFxn, Tt) + hm d(Tt T2z,)],
(4) compatible of type (C) if
Jim d(FTx,,T?z,) < %[ lim d(FTz,, Ft)+ lim d(Ft, F?2,)+ lim d(Ft, T2z,)],
<L

lim d(TFzx,, F?z,) < 3[ lim d(TFxy, Tt)+ lim d(Tt, T2 o)+ lim d(T', F%z,)],

n—oo n— o0
(5) compatible of type(P) if
lim d(F?z,, T*z,) = 0,

n—o0
(6) compatible of type (F) if

lim T2z, = hm TF:cn—Ft and hm F2xn— hm FT:cn—Tt

n—oo

whenever {z,} is a sequence in X such that lim Fx, = lim, o Tz, = t,
for some t € X, A
(7) weakly compatible if Fx = Tz, v € X implies FTz = TFx.

One can note that, commuting = weakly commuting = compatible and
compatibility of type (A) = compatibility of type (C), however compatibility
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(compatibility of type (A), compatibility of type (B) and compatibility of type
(C)) are equivalent under the continuity of F' and T'.

In 2009, Bouhadjera and G. Thobie [6] introduced the concept of subse-
quential continuity as follows:

Definition 1. Two self maps F' and T of a metric space (X, d) is said to be
subsequentially continuous if there exists a sequence {x,, } such that lim Tz, =
n—oo

lim Fx, =1t for somet € X, lim FTz, = Ft and lim TFz, = Tt.

n—oo n—oo n—oo

Motivated by Definition 1, S. Beloul [4] give the following definitions

Definition 2. Let F' and T be two self mappings of a metric space (X, d),
the pair {F, T} is said to be weakly subsequentially continuous, if there exists
a sequence {x,} such that lim FTxz, = Ft and lim TFz, = Tt, whenever

n—oo n—oo

lim Tz, = lim Fx, =t for some t € X.
n—ro0 n—o0

Definition 3. A pair {F, T} of mappings is said to be T'—subsequentially
continuous if there exists a sequence {x,} such that lim Tx, = lim Fzx, =t
n—oo

n—ro0
for some t € X, lim TFz, =1Tt.
n—oo

Definition 4. The pair {F, T} is said to be F'—subsequentially continuous
if there exists a sequence {x,} such that lim Tz, = lim Fx, = t for some
n—oo n—oo

te X, lim FTz, = Ft.

n—oo

Remark 1 If the pair {F,T} is F—subsequentially continuous (or 7—
subsequentially continuous), then it is weakly subsequentially continuous.

In 1950, by the Prague school of probabilistic, random fixed point theory
was initiated in the works of Hans [11] and spacek [21] as stochastic exten-
sion of classical fixed point theorem in separable Banach spaces, it plays an
important role in the theory of random integral and random differential equa-
tions, also random fixed point theory can applied in various areas as optimiza-
tion, approximation theory, variational inequalities and others. After paper of
Bharucha-Ried [5], the field of random fixed point became most widely spe-
cially in functional analysis. A large number of researchers focussing on various
aspects of random fixed point theory, some of these works see [3, 1, 12, 16-18].

2. Preliminaries

Let (€2,%) denotes a measurable space consisting of a set 2 and sigma algebra
>} of subsets of €2, X stands for a separable Banach space and &, : Q2 — X is a
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measurable sequence

Definition 5. ([7, 2, 8, 9])
1. A mapping T': Q — X is said to be measurable (X —measurable) if for any
open subset U of X, T1(U) = {w : T(w)NU # ¢} € %.
2.A mapping T : Q2 x X — X is random operator, if for each fixed z € X, the
mapping 7(.,x) : @ — X is measurable.
3. A random operator T : Q@ x X — X is continuous if T'(z,.) : @ — X is
continuous, for each x € €.
4. A measurable mapping £ : Q@ — X is random fixed point of a random
operator T : Q@ x X — X if T(w,¢{(w)) = &(w) for each w € Q.

Motivated by definitions of S. Beloul [4] in deterministic, we state the fol-
lowing definitions in stochastic which are used in prove of our result:

Definition 6. Let X be a Polish space (separable complete metric space)
and T,F : Q@ x X — X then {F,T} is said to be weakly random sub-
sequentially continuous if there exists a sequence {z,(w)} such that

lim T(w,z,(w)) = lim F(w,z,(w)) = z(w),

n—oo n—oo

for some x € X and w € ,

nlglgo F(w, T(w,zn(w)))
= F(w,z) and lim T(w, F(w,z,(w))) = T(w,x). (2.1)

n—oo

Definition 7. Let X be a Polish space (separable complete metric space)
and T, F : Qx X — X then {F, T} is said to be weakly random subsequentially
continuous if there exists a sequence {z,(w)} such that lim T(w,z,(w)) =

n—o0

lim F(w,z,(w)) = z(w) for some z € X and w € Q,
n—o0

nh_)n;j F(w, T(w,zn(w)))
= F(w,z) and lim T(w, F(w,z,(w))) = T(w,x). (2.2)

n—oo

Definition 8. A random self mappings I’ and 1" are said to be:
1-T—random subsequentially continuous if

lim T(w, F(w,z,(w))) = T(w,x). (2.3)

n—oo

2- F—random subsequentially continuous if
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lim F(w,T(w,z,(w))) = F(w, ). (2.4)

n—oo

3- Random compatible of type (E) if

lim T (w, T (w, 2y (w))) = lim T(w, F(w, z,(w))) = F(w, x)

n—00 n—00

and lim F(w, F(w,zy(w))) = lim F(w, T (w, zp(w))) = T(w, ). (2.5)

n—oo n—oo

for some = € X, w € Q and there exists a measurable sequence {x,} from Q to
C such that lim T'(w,z,(w)) = lim F(w,z,(w)) = z(w).
n—ro0 n—o0

Remark 2. (i) If the pair {F, T} is F'— random subsequentially continuous
(or T—random subsequentially continuous), then it is weakly random subse-
quentially continuous.
(ii) If the pair {F,T'} is F'—random subsequentially continuous (or 7T'—random
subsequentially continuous), then it is random subsequentially continuous this
contradicts deterministic case in (Example 3. [4]).

Example 1. Let X = [0,00) with the usual metric under

d(z,y) = [z(w) = y(w)]-

Let € = [0, 1] and let > be the sigma measurable algebra subset of [0,1]. Define
T,F:Qx X — X be any random operators as follows:

1—w?+2 1—w?
T(w,z) = (wf—f—x) and F(w,x) = (Wf-f—?)x)

for all w € Q, x € X, also define the sequence of measurable mapping x, (w) :
Q= X as z,(w) = {1+ (1) —w?}. Tt is clear that for allw € Q, z € X

2

lim T(w,z,,) = lim F(w,z,) =1 —w” = z(w) for all w € Q.

n—o0 n—oo

By the simple calculations, we have

Tim Tw, Fw,20(@))) = lim T(w,2(w)) =1 - ?,

Tim F(w, T(w,2(@)) = lim Pw,2(w)) = 1 - o,

Tim Tw, T(w, 2n())) = lim T(w, F@, 20(w))) = Fw,2) = 1 - w?
and lim F(w, Fw,z,(w))) = lim F(w, T(w,2nW))) = T(w,z) = 1 — w?
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Therefore:

(i) the pair {F,T'} is weakly random subsequentially continuous,

(ii) A random mapping 7' is T—random subsequentially continuous and F is
F—random subsequentially continuous,

(iii) a random mappings F' and T" are random compatible of type (E).

Let a function ¢ : [0,00) — [0,00) is said to be contractive modulus if
¢(t) <t for all t > 0 (see[17]) and non decreasing such that ¢(0) = 0.

In this paper, we will establish a stochastic version of random common
fixed point theorem for the pairs of random operators using concept of random
subsequentially continuous with compatible of type (E), and an example to
satisfy our result. Also we use this result to find the existence and uniqueness
of a solution of random integral equations.

S. Beloul [4] studied the following general contractive type mappings and
proved some fixed point theorems for this mappings under weakly subsequen-
tially continuous and compatible of type (E):

Let X be a metric space, A, B,S,T : X — X are four self mappings such
that for all x,y € X,

P(d(Sz, Ty)) < P(M(z,y)) — d(M(z,y)),

where

Az, T B
M(z,y) = max{d(AxaBy)ad(Al’,Sx),d(B:%Ty)’ d(Ax,Ty) + d(By, Sx) } ’

2

and ¥ € ¥, ¢ € & (such that ¥ is the set of all nondecreasing continuous
function, ¥ : Ry — R4 such ¢¥(z) =0 < x = 0 and ® be the set of all lower
semi-continuous functions, ¢ : R4 — R4 such ¢(z) = 0 < x = 0). If the two
pairs {A, S} and {B,T} are weakly random subsequentially continuous and
random compatible of type (E). Then A, B,S and T have a unique common
random fixed point in X.

We now prove the random analogue of S. Beloul [4] with ¢ = 2¢.

3. Main Result

Now, we introduce our result in the following theorem

Theorem 9. Let X be a Polish space and F,T,P,Q : ) x X — X are
four random mappings satisfy
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d(F(w,z), Qw,y)) <

e ot oy R
dQw,y), T(w,y)), d(P(w,:v),T(w,y));—d(Q(w,y),F(w,x)) ) :

for all z,y € X, and w € Q, where ¢ : [0,00) — [0,00) is contractive modulus
and non decreasing such that ¢(0) = 0. If the two pairs {T,Q} and {F, P} are
weakly random subsequentially continuous and random compatible of type (E).
Then F,T, P and () have a unique common random fixed point in X.

Proof. Since the pair {T,Q} is weakly random subsequentially continuous,
then it is T—random subsequentially continuous and there exists a sequence
measurable mappings {y,(w)} in X such that

Jim T(w, yn(w)) = Tim Q(w,yn(w)) = y(w), (32)
and
Jim T(w, Q(w, yn(w))) = T(w, y(w)), (3.3)

for all w € Q. Also T and @ are random compatible of type (E), therefore

lim 7, T(w, yn())) = lim T, Q(w, yn())) = Qe y(®)),

Tim Q. Qe ya(®)) = lim Q0. T ya(w)) = T(w,p(w)).  (3.4)
From (3.3) and (3.4), we get
Qw,y(w)) = T(w,y(w)). (3.5)

Again, since F' and P are weakly random subsequentially continuous, then there
exists a sequence measurable mapping x, (w), such that

nh_)raloF(w,xn(w)) = nli_)rgoP(w,xn(w)) = z(w), (3.6)
and
nli_)rgoF(w, P(w,z,(w))) = F(w, z(w)), (3.7)

for all w € Q, and z(w) : & — X be measurable mapping. Also F' and P are
random compatible of type (E), therefore

lim F(w, F(w,z,(w))) = lim F(w, P(w,z,(w))) = P(w, z(w)),

n—oo n—oo

nli_)ngoP(w, Pw,z,(w))) = nli_)rgoP(w,F(w,xn(w))) = F(w,z(w)). (3.8)
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Then (3.7) and (3.8), leads to
F(w,z(w)) = P(w, z(w)). (3.9)

Now, we claim that F(w,z(w)) = T'(w,y(w)). If not, substituting from (3.5)
and (3.9) in (3.1), we get

d(F(w,z),T(w,y)),0,0
d(F(w,2),T(w,y)) < ¢ (maX { d(F(w,2) T(ww)+d(T(w.y).F(w.z))
’ 2

< ¢ (max {d(F(w,2),T(w,y)),0,0,d(F(w,z), T(w,y))})
= ¢(d(F(w,z),T(w,y))-
Since ¢ is a contractive modulus, then
d(F(w, ), T(w,y)) < ¢ (d(F(w, ), T(w,y)) < (d(F(w, ), T(w,y)),

which is a contradiction. So

F(w, z(w)) = P(w, z(w)) = T(w,y(w)) = Qw,y(w)), (3.10)

again, we will show that z(w) = F(w,z(w)). If not, then from (3.1) and the
inequality (3.10), we get

] d(P(w, 20 (w)), Qw,y)),
UG, Qe <o maxq i

d(P(w,acn(w)),T(w,y))—gd(Q(w,y),F(w,xn (w)))

Putting n — oo in above inequality and using (3.2), we have
d(z(w), F(w, z(w))

< o (max {ata). Floo(0)). 0.0,

d(z(w), F(w, z(w)) + d(F(w, 2(w)), z(w)) })
2

= ¢ (d(z(w), F(w,z(w)))) -
From definition ¢, we obtain that

dz(w), Fw,z(w)) < ¢(d(zw), Flw zw))) <dzw), F(w,z(w))
ie. d(z(w), F(w,z(w))) < d(z(w),F(w,z(w))),

this is a contradiction again, therefore

zr(w) = F(w,z(w) = P(w, z(w)). (3.11)
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If x(w) # y(w), then from (3.1), (3.10) and (3.11), we get

d(F(w, 2 (w)), Q(w, yn(w))) <

d(P(w, zn(w)), Q(w, yn(w))), d(P(w, zn(w))
¢ [ max ¢ Flw,z,(w))), d(Qw, yn (W), T (w, yn(w))) :

7 d(P(w,xn(w)),T(w,yn(w)));d(Q(w,yn( w)), F(w,zn(w)))

Taking the limit as n — oo in above inequality and using (3.2), we obtain

d(z(w),y(w)) <¢ <max{ (2(w), y(@)), 0,0, d(z(w), y(w)) ;rd(y(w),x(w)) }>

<¢ (d(z(w), y(w))) -

From definition ¢, we get d(z(w),y(w)) < d(x(w),y(w)) which is a contra-
diction again. Therefore z(w) = y(w) is a common random fixed point of the
four random mappings F, T, P and Q.

For the uniqueness, let z(w) # z(w) be another common random fixed point,
then from (3.1), we have

w), z(w))

. (max i LG <w>,z<w>>+d<z<w>,w<w>>}>

= z(w), 2(w))) < d(z(w), z(w)),
we observe that d(z(w), z(w)) < d(z(w), z(w)) a contradiction due to the wrong
assumption z(w) # x(w), so z(w) = z(w). Therefore the four random mappings

F, T, P and () have a unique common random fixed point. O

Putting ¢(t) = %t,T = F and Q = P in Theorem 3.1, we obtain the
following corollary

Corollary 10. Let X be a Polish space and T, Q) : 2x X — X are random
mappings satisfy

A(T(w.2), Qw,y)) <
buwe{ o A DQe ) Qe Ty )

2 { d(Q(W, y)’ T(W, y))’ d(Q(w,:v),T(w,y))—;—d(Q(w,y),T(w,x))

for all z,y € X and w € Q, If the pair {T,Q} is weakly random subsequentially
continuous and random compatible of type (E). Then T and @ have a unique
common random fixed point in X.
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Remark 3 we can prove Theorem 1 with the following conditions:
(i) {T, @} is T—random subsequentially continuous and 7'—random compatible
of type(E) and {F, P} is F—random subsequentially continuous and F'—random
compatible of type(E) or,
(i){7T, Q} is @—random subsequentially continuous and )—random compatible
of type(E) and {F, P} is P—random subsequentially continuous and P—random
compatible of type(E) or,
(iii){7T,Q},{F, P} random subsequentially continuous and 7' or —random
compatible (F' or P—random compatible respectively) of type (E).

Now, we give an example which support Theorem 9:

Example 2 Let (€2, Y) denotes a measurable space and C' = {1,2,3,4,5} C
X = R with the usual metric d. Consider Q = {1,2,3,4,5} and let >_ be the
sigma algebra of Lebesgue’s measurable subset of 2. Define T, Q, F, P : QxC —
C by

_ 2 if x=1 _ J4ifx=1
T(wv CC) - {5 otherwise and Q(wv CC) - {5 otherwise »
_ 3if x=1 _ J1ifx=1
F(w7 .CIZ‘) - {5 otherwise and P(w7 x) - {5 otherwise for all w € .

Let us take 2, (w) = z(w) = 2 and ¢(t) = 3¢, we have

lim T(w, zp(w)) = lim Q(w, z,(w)) = lim F(w,z,(w)) = lim P(w,z,(w)) =5,

n—oo n—00 n—00 n—oo

for all w € Q. Also, we get

ILm Qw, T(w,zn(w))) = ILm Qw,T(w,2)) = ILm Q(w,b) =5,
nh_)rgOP(w,F(w,xn(w))) = nh_)n;OP(w,F(w, 2)) = nh_)rroloT(w, 5) = 5.
Moreover

lim T'(w, T (w, zn(w))) = lim T'(w, T'(w,2)) = lim T'(w,5) =5

n—oo n—oo n—oo

= lim Q(w,5) = lim Q(w, T(w,2))

im Q(
= lim Q(w, T(w, 2 w))),

lim F(w, F(w, 2n(w))) = lim F(w, F(w,2)) = lim F(w,5) = 5

(

(

n—oo n—oo n—oo

= lim P(w,5) = lim P(w, F(w,2))
n—oo

n—oo

= lim P(w, F(w, z,(w))).

n—oo
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Therefore, the two pairs {7, Q} and {F, P} are weakly random subsequentially
continuous and random compatible of type (E). To satisfy the contractive con-
dition (3.12), we consider the following cases:

(i) If we take z,y € C' — {1}, then the inequality is satisfied,

(ii) By taking x =y =1 in C, we get

1 =d(F(w, ), Q(w,y))
d(P(w, ), Q(w,y)), d(P(w, ), F(w, r))

<¢ | max d(Q( y), T(w,y))
’d(P(w @).T(wy)+ d(Q(w y),F(w,z))
3 . 3
=¢max{3,2,2,1} = ¢(3) = 5 Le. 1< 3

(iii) If we take z =1 and y € C' — {1}, we get

2 =d(F(w,z),Qw,y))

d(P(w,2),Qw,y)),d(P(w,z), F(w,z))

<¢ | max d(Q( y), T(w,y))
d(P(w:v)T(wy)) d(Q(w y),F(w,x))

:¢max{4,2,0,3} =¢(4) =2.

(iv) If we take y = 1 and z € C' — {1}, we have

1 =d(F(w,z),Q(w,y))

d(P(w, ), Q(w,y)), d(P(w, x), F(w, r))

<¢ | max d(Q( y), T(w,y))
d(P(w2) T(ew.y)+ d(Q(w y),F(w,x))

9

<¢pmax{1,0,2,2} = ¢(2) = 1.

From the four cases, the contractive (3.1) is satisfied.
Consequently all conditions of Theorem 9 are satisfied, and z(w) = 5 is a unique
common random fixed point of the four mappings F, 7T, P and Q.

4. Application to Integral Equation

Using Theorem 9, we discuss the existence and uniqueness of a solution of ran-
dom integral equations (see [22]) as the following:

z(w,t) = / Ki(w,s,t)(1 ++/z(w,s))ds for i = 1,2 and t,s € R.  (4.1)
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(i) R = (—00,00) is a compact with metric d on R x R,

(ii) w € Q is supporting set of measurable space (€2, R) for each R C >,
(iii) z(w,t) is the unknown vector-valued random variables for each t € R,
(iv) K(w,s,t) is the stochastic kernel defined for t,s € R,

(v) z(w, s) is vector-valued function of s € R.

Let C(€, R) is the space of all continuous functions from (2 x R) into R, and
it is a Banach space with a metric d(z,y) = sup |z — y|.

Suppose that for all z,y € C(Q, R) there exists a § € (0,1) such that

| VA 11w 500) = Kalwss, )] < 36 — o)

where ¢ is a contractive modulus and nondecreasing on R.
Then there exists a unique random solution of the system (4.1).

Proof. Consider two random mappings F, Q@ : C(2, R) — C(£2, R) by
Fla@.0) = [ Ka(wo,s, )1+ valo,5)ds

and

Qa(w, 1)) _/Oo Ka(w, s,0)(1 4+ /2 (w,))ds,

forallw € Q,t,s € R. The system (4.1) has a random solution iff F' and ) have
a common random fixed point in C(£2, R). Since K; is continuous, then F' and @
are continuous then {I, F'}, {I,Q} (where I the identity random mappings on
C(£2, R)) are sub-sequentially continuous and compatible of type (E). Moreover
we get

P 0) = Q)] = [ (14 /al005)) 11 5.0) — K 5.0)

<6o(|lx —yl)
<oz —y))
d(P(w, ), Q(w,y)),
d(P(w,x), F(w, 7)),
S0 | max AQ(w. y). T(w. 1)),
d(P(w,x)7T(w7y))J2rd(Q(wvy)7F(wvw))
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Therefore all conditions of Theorem 3.1 are satisfied with P =T = I. Then

F and @ have a unique common random fixed point, so the system (4.1) have

a unique random solution. ]
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